On duality of spaces of harmonic vector fields 

Rene Dager*and Arturo Presa^ 



Abstract 

A differential form u of class C°° on the Riemannian manifold X is said 
to be harmonic if it is closed and co-closed, i.e., 

du = 0, Su = 0. 

Harmonic differential forms are a natural multi-dimensional extension 
of the concept of analytic function of complex variable. In this paper we 
characterize continuous linear functionals acting of the space of germs of 
harmonic differential forms on a compact set. This result provides a multi- 
dimensional analog of a theorem by G. Kothe on the dual of the space of 
germs of analytic functions of complex variables on a compact. 

1 Introduction 

A vector field u defined in an open set O C M 3 is said to be harmonic if it 
satisfies the equations 

rotu = 0, divu = 

in O. 

The analogy between harmonic vector fields and analytic functions is 
explained by the fact that both objects are particular cases of the concept 
of harmonic differential form (see Introduction in 7 ). In this work a differ- 
ential form u of class C°° on the Riemannian manifold X is said to harmonic 
if it is closed and co-closed, i.e., 

du = 0, 5u = 0. 
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It was proved by Koethe (0) that the dual space of the space h(K) 
of germs of analytic functions on a compact set K C C with the induc- 
tive limit topology is isomorphic to the space of analytic functions on the 
complementary of K that vanish at infinity, that is 

(h(K))* = h (K c ). 

One example of the significance of this fact is the proof given by Havin of 
a formula analogous to the Laurent series expansion for analytic functions 
vanishing at infinity with singularities concentrated in a compact set. 

Thus, it is natural to study the problem of the description of the dual of 
the space of germs of harmonic vector fields. It turns out that the space that 
provides the answer to this question is not precisely the space of harmonic 
vector fields on K c that vanish at infinity. Hence a second problem arises: 
to find a space whose dual is isomorphic to ho(K c ). 

In this paper both questions above are studied in a more general con- 
text, namely, for harmonic differential forms on an Euclidean space of finite 
dimension. The main results for the case n = 3 were announced in |2j. 

The spaces that solve the mentioned problems are spaces of certain 
classes of holomorphic pairs, i.e., non-homogeneous differential forms w r -i + 
w r+ i, where dw r -\ + 8w r+ \ = 0,5w r -i = 0,dw r+ i = 0. Such forms where 
introduced by Gustaffson and Havinson [2] in connection with the charac- 
terization of annihilators of harmonic forms on a smoothly bounded domain. 
For n = 3 and r = 1 holomorphic pairs coincide with holomorphic vector 
fields. 

As an application of our results we prove in Section 5.B that every har- 
monic form defined on the complementary of a compact set may be repre- 
sented as the sum of a differential and a co differential of suitable forms. 

2 Preliminaries 

2.1 Some spaces of differential forms and linear 
functionals 

Throughout this paper E denotes an oriented Euclidean space of dimension 
n > 2. The symbol /\ r E denotes the space of r-covectors on E. Let also for 
r = 0, f\°E = R and 

In f\*E an exterior product is introduced that turns this space into an 
algebra. The main properties of this algebra may be found in [I]. The 
* operator (the Hodge conjugate) acting on r-covectors is understood in 
the sense of In that reference a suitable notion of scalar product of 
r-covectors may be also found. 
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A. Here we gather some facts on harmonic differential forms. First, 
recall the definition of the operator 5: 

5u := (-l) nr+r+1 * d * u, 

where u is an r-form of class C 1 , * is the Hodge conjugate operator and d 
is the differential of forms. 

Below we define some spaces of differential forms that we shall use in 
this paper. 

Let H r {0) denote the space of differential forms u of degree r and of 
class C 1 in O and such that 

du = 0, Su = 

in O. The elements of H r ((D) are called harmonic differential forms of degree 
r defined in O. 

Let Wh r (0) be the space of differential forms of degree r and of class 
C 2 in O such that 

Au := -(d5 + 5d)u = 

in O. The forms belonging to Wh r (0) are called weakly harmonic forms 
defined in O. 

The space P r (0) for 1 < r < n — 1 consists of non-homogeneous forms 
u = w r -\ + w r+ i, where tiV-i and w r+ i are forms of degree r — 1 and r + 1, 
respectively, which are of class C 1 in the open set O and such that the 
following equations are valid in O: 

dw r -i + Sw r+ i = 0, dw r+ \ = 0, 5w r ^i = 0. 

The forms belonging to P r (0) are called holomorphic pairs corresponding 
to r defined in O. 

By means of Wh(0) we denote the direct sum 0" =o Wh r (0). Clearly, 
H r (0) C Wh r (0) and P r (0) C Wh{0). 

In each of the mentioned spaces the uniform convergence topologies are 
considered. In H r (0), for instance, this topology is obtained from the sys- 
tem of neighborhoods of null 

{V(K, e) : K compact and K C O, e > 0} 

where V(K,e) := {u € H r (0) : max^ < e}. Here ||n|| = y/ (u, u) 

and (-, •) is the scalar product in /\ r E. The same happens with the spaces 
Wh r (0) and P r (0). 

Let H r fi(E\K) denotes, for a compact set K, the subspace of H r {E\K) 
whose elements vanish at infinity. In the same way it is defined P r fi(E \ K) 
as a subspace of P r (E \ K). 
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Moreover, H r (K), Wh r (K), Wh(K) and P r {K) represent the correspond- 
ing inductive limits spaces. In order to avoid repetitions let us see more 
precisely just the definition of H r (K). The elements of H r (K) are equiva- 
lence classes in UH r ((D), where the union is taken over all the open sets O 
containing K. Two elements of L)H r (0) are said to be equivalent if they 
coincide in some open set containing K. 

For each open O D K let po : H r (0) — > H r (K) be the map such that 
po(u) is the equivalence class of u. The inductive limit topology is the finest 
topology in H r (K) such that all the maps po are continuous. 

If 0\ C 02 and u £ H r (0 2 ) then po 2 ( u ) = POi(u\q). In some cases, 
we shall write simply p(u) instead of po(u). 

Similar maps corresponding to spaces Wh r (K),Wh(K) and P r (K) will 
be denoted by also by po- 

Note that all the spaces H r (K), Wh r (K), Wh(K) and P r {K) are locally 
convex. 

We now introduce two more spaces taking in consideration in P r $(E\K) 
and P r (K) the closed subspaces formed by the elements of the form dhi+5h2 
and p(dh\ +5/12), respectively, where h\ is an (r — 2)-form and /12 is an 
(r + 2)-form, both of class C 2 and satisfying 

Sdhi = 0, ddh 2 = 

in their respective domains of definition. When r = 1 we take hi =0 
and when r = n — 1 we take I12 = 0. Thus, the considered spaces are 
the corresponding quotient spaces, which will be denoted by P r ,o(E \ K) 
and P r (K), respectively. Both these spaces are provided with the natural 
quotient topology. 

The main goal of this paper is to prove the following assertions: 

1) (H r (K))* is isomorphic to P r ,o(E \ K); 

2) \p r {K)Y is isomorphic to H rfi (E \ K). 

As it may be seen through this paper the first assertion plays an impor- 
tant roll in the formulation of the second one. 

Both 1) and 2) are the generalization of the results concerning the dual 
of the space of analytic functions on a planar compact set (see |H] ) to higher 
dimensions. 

B. It is easy to see that P r (K) is continuously imbedded in Wh r _i(K) + 
Wh r +i(K). Indeed, from the commutativity of the diagram 

P r (K) Whr-i(K) + Wh r+1 (K) 

P r {0) Whr-iiP) + Wh r+x {0) 

where 11,12 are the canonical imbeddings and O is an open set containing 
K, it follows the continuity of i\. 
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Let Af be the subspace of Wh r -\{K) + Wh T+ \{K) whose elements are 
of the form p(dhi + 5Ii2), where h±,h2 are differential forms such that 
dh\ G Wh r -\{0) and 5h<2 G Wh r+ \{0) for some open O containing K. 
If r = 1 or r = n - 1 the space Af just consists of the elements of the 
form p(8h,2) or p(dh\), respectively. Then, it is clear that P r (K) nAf is a 
subspace of P r (K), P r (K) = P r (K)/ (P r (K) nAf) is continuously imbed- 
ded in (Wh r _i(K) + Wh r+ i(K)) /Af. Note that this latter space is locally 
convex. 

C. The linear functionals on certain spaces of differential forms admit 
to be exteriorly multiplied by differential forms from those spaces. Let us 
consider those spaces. 

In this subsection the topology of the space does not play any roll. Let 
X (C) be linear space of nonhomogeneous differential forms on a set O (not 
necessarily open). Assume that X (0) satisfies the conditions 

if u G x (O) then * u G x (0) and u A f G x (0) for each £ G /\*E. (1) 

If x (C) satisfies (JTJ) it is valid that x (0) = 0? =o Xr (£>), where 

Xr (O) = {u G X (O) : Imu C f\ r E] . 

Thus, if A is a linear functional on x (0) then A = Ylr=o w bere A r is a 
linear functional that vanishes on each subspace Xs (0) with s ^ r. 

Clearly, each linear functional on Xr (0) may be identified with one such 

A r . 

The exterior product A A u may defined for every linear functional A 
on x (0) an d every form u G x (0) as a bilinear map with values in /\*E, 
such that, if A = A r and u G Xs (0) then A A u is the (r + s)-covector that 

Sclt lsflGS 

(A r Au,0 = (-ir + "Ar(*(nA*0) 

for every £ G f\ r+s E. 

When u G xo (P) the product A r Au will be denoted by A r u. 

On the other hand, for each linear functional A on \ (0) it is possible to 
define *A by the equality 

n 
r=0 

where *A r is the linear functional on x (0) such that *A r (u) = (_i) nr + r \ r (*u). 
The following properties follow from the definition: 

1) A r (u) = * (A r (*u)) for every u G x (0)- 

2) A A (u A£) = (A A u) A £ for every linear functional A on x(0), 
u G x (0) and £ G f\*E. 

3) * (Ar (*u)) = (-l) nr+r * (*A r A u) for each u G Xr (O). 
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One example of space satisfying Q is Wh(0). Thus, linear functional 
on Wh(0) satisfy the equalities 1), 2) and 3). 

D. Each linear functional A r admits a coordinate expression. Let e\, ■ ■ ■ ,e, 
be an orthonormal basis in E and e , ■ • ■ , e n its dual basis.. Then there exist 
linear functionals Ao jCf on Who(0) (the space of harmonic functions on O) 
such that 

A r = A , a e a , 

a&Mr 

where A4 r is the set of all increasing multi-indices (a\, ■ ■ ■ ,a r ) with € 
{1, • • • , n}. The last equality means that 

= A ,a(ii a ) for every u = -UQ,e a G Xr (O) • 

In fact, to obtained the above given coordinate decomposition it is 
enough to define Ao >Cf (/) := A r (fe a ) for every / £ xo (C)- Now it is clear 
that 

A r Au= A , a ('u / 3)e Q Ae^ 

for each u E (C)- Note that this formula is similar to the coordinate 
expression for the exterior product of differential forms. In particular, if 
/ E xo (C) we have 

A r /:=A r A/= A o,«(/)e Q . 

3 Currents, covectorial charges and New- 
tonian potential of currents. 

In [7j it is given a more complete treatment of the facts in this section. We 
include here only the most significant details we use in this paper. 

3.1 Exterior product of a current and a form 

Let T> r denote the space of infinitely differentiable differential forms of degree 
r with compact support. Let V' r denote the space of currents of degree n — r 
and dimension r. The symbol £' r will be use to represent the subspace of 
currents of T>' r with compact support. 

For each current T 6P[ the symbols dT, *T, 5T and AT denote currents 
belonging to 2?^._ 1 , P^_ r , and V' r , respectively (see 8 for more details). 
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Following 8^ we define the exterior product T A u of a current T G £' r 
and an infinitely differentiable s-form u denned in a neighborhood of the 
support of T as a current in T> r - S satisfying 



T A u[lo] = T[u A lo] 



for u G T> r -s- 

3.2 Currents determined by a surface 

Now we define two special kinds of currents that will be used in the following 
sections. With any smooth oriented hypersurface S in E (i.e., an (n — 
l)-dimensional oriented C 1 -submanifold of E) we associate the (n — 1)- 
dimensional current, denoted again by S, given by the formula 



for u G T> n -\, where S is the (n — l)-dimensional measure on S and N is 
the field of unitary normal vectors to S that determines its orientation. 

Moreover, every Lebesgue measurable subset A of S gives rise to an n 
-dimensional current \A 



where v is the Lebesgue measure in E. More details on the integration of 
differential forms with respect to a measure are found in [Jj. 

3.3 Currents determined by a measure 

Let (i is an r-covector valued Borel charge in E (briefly, [i G M r ). For each 
fi E M r with compact support in an open set O in E and a continuous 
differential form of degree s defined in O it is possible to define J dfj, A u 
as limit of Riemann sums H (-^fe) A u (£fc) > where are Borel sets and 
£/c G ^4^, as max (diam A^) tends to zero. In this case, J d/iAu exists and is 
an (r + s)-covector. It is obvious that if u is a continuous s-form such that 
J dfj, A u = for every \x € M n ~ s then n = 0. 

Also, with \x G M r we can associate a current, denoted again by fi, such 
that 



with uj G T> n _ r . 

If G M r and supp /i is compact then the current /U defined by (J2J) 
belongs to S' n _ r . 






(2) 
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3.4 Newtonian potential of a current 

The Newtonian potential of a current T G £' r is defined by the formula 

U T [ip] := T [W] , if£V r , 

where U v is the Newtonian potential of (p. Prom this definition follows that 
U T G V' r (see 2.1.A and 2.1.B for more details). 

Under the given assumptions on T the current U T coincides with a dif- 
ferential form of class C°° outside of the support of T. Hence, if T\ G £' r , 
T2 G £n- r and supp TiPlsupp T2 = 0, both T\ [U T2 ] and T2 [U Tl ] have 
sense and it holds the reprocity law 

T\ [U T *] = {-l) nr+r T 2 [U Tl ] . 

4 Cauchy- Green representation formulas 
for harmonic forms and holomorphic pairs 

The Cauchy-Green formulas for harmonic forms and holomorphic pairs may 
be considered as generalizations of the classical Cauchy formula for analytic 
functions. As in the classic case, these formulas play an important roll in 
the description of linear functionals on the space of germs of harmonic forms 
on a compact in an Euclidean space. 



4.1 Cauchy-Green representation formulas for har- 
monic forms 

Let it be an r-form harmonic in some open O C E and K C E be a regular 
compact (i.e., K is a smooth compact manifold with boundary dK). 

Assuming that dK is oriented by means of the exterior normal field the 
following formula is true 



u = - 

c c 



- (SU 9KAU + lr dU< aKA * u A (3) 



in K, where 7 r := (_i) nr+n+1 anc i Cn [ s th e product of the (n — 1) -dimensional 
measure of the sphere S n ~ l C W 1 by n — 2 (see 0). 
This formula may be rewritten as follows 

u{x) _ _i l f ^0 iS(s) + ^ , f miggvM.} 

c n I JdK \\x — y\\ JdK \\x — y\\ ) 

(4) 

Remark 1 If K is a regular compact such that E \ K C O and u is a 
harmonic in O r-form that vanishes at infinity, then a formula similar to 
Op, which differs just in the sign, is valid for u in E \ K . The proof of this 
fact is similar to the classical one for analytic functions of complex variable. 
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4.2 Cauchy-Green representation formulas for holo- 
morphic pairs 

Let w = w r -i + w r+ \ be a holomorphic pair defined some open O C E and 
K C E be a regular compact, then 

— /^^Attr+l + lr+1 dU* {dKA * Wr+l) + dU dK ^- 1 } , (5) 

— \sU aKAWr -i + lr _ lC lU< dKA * Wr -J + lr+1 SU< dKAWr +J\ , (6) 

in A. The proof of this formula is similar to the proof of © given in [7j- 

As in the case of harmonic forms, these formulas may be written in terms 
of integrals. Moreover, if E \ K C O and w is an holomorphic pair defined 
in O vanishing at infinity, then w may be represented in E \ K by a formula 
that differes from (JSEJ) just by the sign. 



Wr+1 = ~ 
W r -1 = ~ 



5 Dual space of H r (K) 

In this section we provide a description of the continuous linear functionals 
on H r {K). 

Theorem 2 Let K be a compact set and A : H r (K) — > R. Then, A £ 
(H r (K))* if and only if there exists a holomorphic pair w = w r -i + uv+i £ 
Pq^(E \ A) smc/i t/iai 

A(po(«))= / *(ro r+ iA*(iVAn))(l5 

c n Vd/s^ 

i'-iy+ 1 /■ 

+ i * / * (w r _i A (A A *«)) d5 (7) 

c n JOA'i 

/or every open neiborhood O of K , any form u £ H r {0) and any regular 
compact K\ satisfying A C K\ C Ai C O. Moreover, for every A £ 
{H r (K))* all the pairs w with this property belongs to the same class in 

P ,r(A\A). 

Lemma 3 Let Vt be an open set and u £ H r (Q), w r —i + uv+i £ P r {Q)- 
Then for every regular compact L <zVt 

- [ * (w r+1 A * (A A u)) dS+ (-l) r+1 f * (w r - x A (A A *«)) d5 = 0. 
Proof. The proof is based on the Gauss-Ostrogradskii formula (see (7j) 
/ * (du) dv = / * ( A A u) dS. 

JL JdL 
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The left member of the equality asserted in the lemma may be transformed 
in the following way 



/ * (uv+i A * (N A u)) dS + (-l) r+1 / * (w r _i A {N A *u)) dS 
'dKi JdKi 

* (N A u A *iu r +l) dS - * (N A *tt A uV-l) dS 1 



*d (u A *w r _)-i) — 7 r / *d(*n A w r _i)(ii;. 

Since u G H r (Q) and uv_i + uv+i £ P r (f2) we have that d (u A *u> r +i) + 
7 r d (*u A itV-i) = 0. So, the lemma is proved. ■ 

Proof of the theorem. First part. We shall prove here that formula (jTJ) 
defines a continuous linear functional on H r (K). At first, let us see that A 
is well defined. The right hand member of (J7| depends only on po{u). The 
independence on u and K\ is deduced from the Lemma El 

Let us note that the right hand term of Q depends just on the class 
whose representative element is w r -\ + w T+ \ and not on the particular rep- 
resentative element. It is due to the fact that, if we consider w r —\ = dh\ 
and w r +i = 5h>2 (see the definition of Po ir (E \ K)) it follows from the Stokes 
formula that the integral in (JTJ) vanishes. 

Obviously, A is linear. In order to prove that A is continuous it is enough 
to show that A o pq is continuous for every open neighborhood O of K. 

Let K\ be a regular compact such that K C K\ C K\ C O, then 



\A(po(u))\ = A ( PAl (u)) < C max \u(x)\ , (8) 

where C is a positive constant independent of u. To obtain inequality (JHJ) 
we have used the fact that 

|CAry|< ( r + S ) |e|N 

for £ G t\'E and 77 G f\ s E (see, e.g., jl]). 

From (jHJ) it follows the continuity of Ao p G and thus the continuity of A. 

Second part. Let us show now that every A G (H r (K))* may be 
represented by (JTJ) for some UV-1 + »r+i G Po,r(E \ if). Let be an 
open neiborhood of K, u G H(0) and ifi a regular compact satisfying 
if C ifi C Ki C 0. Using the Cauchy-Green formula (J3J we have that 
u(x) = ui(x) + U2(x) where 



u\{x) = — -5 X I 



.. x - y„ 

'"' +J /" *(d x - 1 -— 2 -A*{N(y)A U (y)))dS(y), 

dKi V \\x — y\\ J 
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—d x * 


r 




IdK 


7r r 


(d x 


c n JdK 





N(y) A *u(y) 

1 — ^~ dS (y> 

F — 2/11 

A * (N(y) A *u(y)) ) dS(y). 

If- y|| / 

Moreover, since H r (K) is continuously imbedded in Wh r (K), for each A £ 
(H r (K))* there exists a functional A' € (Vr/i r (-fT))* that extends A. 

Due to the reasons given above and to the continuity of A' o pq on 
Wh r {K\) it is valid that A' o pq commutes with the integral sign. Thus, 
using the properties 1) and 2) from subsection 12, II we obtain that 

A'o Po ( Ul ) = -ll±l I Ja'o Po A** (d x - A*(A?(y) Au(y)) ) \ dS{y) 

Cn Jd^ I V \\x -y\\ J J 

(9) 



* A'opoA d x - —2 A * (N(y) A u{y)) \ dS{y). 



(~l) r 

c n JdK x IV F — y 

Let us remark that 

1 



dx n iin-2 ~~ ^|| \\n-2 

\\x — y\\ F ~~ 2/11 

and that, because of the continuity of A' o pq, the form A' o p - — 1 2 

ll* 2 ' y I 

(depending on y) is of class C . Thus it can be proved that 

1 ., 1 , , 1 



A'o Po Ad x - — — 2 = -A'op Ady- = (~l) r+1 ^ (A' o po- 

F~2/ F~2/ V 



,,. _ . . nn-2 

F — y|| ||x — 2/ 1 1 V F ~~ 2/11 

(10) 

Indeed, the last equality if verified as follows. Let tp 6 £> r +i with supp 
<p C E \ K then, 

= j I^K'opo— — 1— - j,6(p(y)^dv(y) 

= (-iy +1 J (a' o po a ( *_^L a )) 

+(-l) r / (A' o p a d v - 3__ A ) dv(y) = 

J V If -2/11 / 



^2 ) dv(y) 



=(-ir +i * (a'o PO a y^f 

+(-1)^ o po Ady _ 1 , <p(y)J dv{y) = 

= ("l) r I (A'opoAdy- -—2,<p(y))dv(y). 

J \ F — y / 
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In the last two equalities we have used the facts that A' o p@ is continuous 
and that 

\\\x-y\\ J 

for every x ^ supp <p. 

Thus, relations © and (fTU)l imply that 

A' o p (u\) = — - [ * (w r+ i A * (iV An)) dS, 



where 

w r +l = d y ( A' o p - —2 

V If -y\\ 

Similarly, 

A o p (u 2 ) = A' o p (u 2 ) 



^ / * { A' o Po A * (4- 3__ A * (N{y) A *u(y)) J 1 dS(y) 

c n JdK! I \ If - y\\ J J 

* |*a' o p a * * ^4 — — X —^2 A * (^(y) A * u (y))^j I ^(2/) 

* |dy * ^A' o po 1 A * (N(y) A *u(y)) | dS{y) 

— I *\*d y * [A' o PC1 - 3— - J A * * (N(y) A *tt(y)) 1 dS(y) 

CnJdK! I v If- 2/11 / > 

* (w r _i(y) A (N(y) A *u(y))) dS(y), 



(-1) 



where 



W r -i = b y (A' o po- ) 

V If - 2/1 / 



Here we have use the property 1) of subsection 12 .1\ too. 

Thus, the equality Q is proved. Now it is easy to see that w = w r -\ + 
w r+ \ € Po, r (E n if). In fact, 

duV-i + 5w r+ i = A (A' o po- 1 2 ) = 

V If -2/11 / 

in E \ K . To show this last equality it is enough to express the form 

— \n-i m coordinates in an orthonormal basis of E. The coefficients 
\\ x y ll 

of the forms obtained in this way are harmonic functions in E x K. 

It just remains to prove that w r -i(y) — ► and uv+i(y) — > as y — » oo 
in the norm of /\ r E. Clearly, this is equivalent to («v_i(y),£) — > and 
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(w r+ i(y), £} — > as y — > oo for every £ £ /\ r ^- Note that 

(w r+ i(y),0 = (-l) r {A'opoAdy- 1 „ n _ 2 ,0 

\ If — z/ll / 

= ±A' o po ( * (d x - 3__ A 

V V If- y|| 

The continuity of A' o pq implies that the last term in the last equality tends 
to zero as y — > oo. The proof for uv_i is completely analogous. 

Let us prove now that A depends only on the class of Pq^{E \ K) with 
representative element w = w r -i + w r +\ and not on this particular element. 
It is enough to show that the periods of both *w r+ \ and uv_i are uniquely 
determined by the functional A. More precisely, we prove the equalities 

*w r+1 = A [p ( suXl )) > J x w r-i = A (po (d*U x ^j , (11) 

for every (n — r — l)-dimensional cycle Ai and every (r — l)-dimensional 
cycle A2 contained all in E \ K. Under assumed conditions, both 5U Xl and 
are harmonic forms in some neighborhood of K (see Pr. 3 in [Jj). 
Since these forms are locally integrable they generate currents belonging to 

Let us prove the first equality (|llj) . By replacing u = 5U Xl in formula 
we obtain 



A(po { 5L/Xl )) =~~ J * (w r+1 A * A 5U Xl ^ dS 

^ / * (w r -i A (n A *5U Xl }') dS, (12) 

Cn J v v >> 

where K\ is a regular compact such that K C K\ and K\V\ supp Ai = 0. 

Let us denote by / the first integral in ()12|) and by II the second one. 
We have 



C 



n JdKi 



c n JdKi 
\nr+l 

- (dKi A *w r+ i 



* (*w r +i A N A5U Xl ^j dS 
A*w r+1 A5U Xl ^jdS 



Here dK\ A *w r+ \ is understood a current belonging to £' r . and thus the 
above last term has sense. Now, using the properties given in 2. A and 2.D 
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we have 



\nr+n+r+l 



-5 (dKi A *w r+ i) 



-A, 



SU 



dK±f\*w r -\ 



A I 



_ \ jjS(dI<iA*w r+1 ) 
J C n L 



By means of similar transformations we may obtain 

1 



II 



-A, 



)¥( ^jjdK 1 A*w r -i 



Hence, the first of the equalities is proved. The proof of the second 
equality is similar. 

Let us remark that the first equality (fTT|) implies that uv+i is uniquely 
determined up to one term of the form b\i2 where hi is an (r + 2)-form 
such that d5fi2 = 0. When r = n — 1 the above condition simply says that 
w r+ \ is uniquely determined. On the other hand, the second equality (fTTj) 
implies that w r -\ is determined up to one term of the form dh\, where h\ 
is an (r — 2)-form such that 5dh\ = 0. If r = 1, simply uv-i is uniquely 
determined. 

Therefore, the proof of the theorem is complete. ■ 



6 Construction of a space whose dual is 
the space of harmonic differential forms 

The results of the previous section allow us to conjecture about which is the 
dual space of H r o(E \ K). It seems natural that this space be P r {K). In 
this section we verify that this fact is indeed true. More precisely, let P r (K) 
be endowed with the topology induced by that of P r (K). Then 

Theorem 4 Let K be a compact set and A : P r (K) — > K. Then, A E 
(P r (K)Y if and only if there exists a form u E H r $(E \ K) such that 

A[p (w))=- '- / * («v+i A * (N An)) dS (13) 

(_i\n+l r 

+^ '- / * (w r -i A (iV A *«) ) dS (14) 

for every open neiborhood O of K , any par w = u> r -i + Wr+i 6 Pr{0) and 
any regular compact K\ satisfying K C K\ C K\ C O. 

Proof. First part. In this part it is verified that formula (|14j) defines a 
linear and continuous functional on P r (K). 
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Let us see first that A given by (|14[) is well defined. In view of Lemma 
Is3 the expression (|14jl does not depend neither on the particular choice of 
the germ po (w) nor on the compact K\. To understand that A does not 
depend on the particular germ po (w) and just on the equivalence class that 
it defines it is enough to see that the right hand term in (|14[) vanishes when 
PO (w) = po (dhi + Sh?), where h\ is an (r — 2)-form and I12 an (r + 2)- 
form, both of class C 2 in a neighborhood of K and satisfying the equations 
dShi = 0, 5dfi2 = in their domains of definition. In fact, it is true due to 
the fact that both integrals in (|14[) may be written in the form 

f (N A dip) dS, 

JdK x 

where ip is an (r — 2)-form, smooth in a neighborhood of dK\. Now it suffices 
to observe that, in view of the Stokes formula, the latter integral vanishes. 

The linearity of A is immediate. The continuity of A is equivalent to the 
continuity of all the functionals A o po for every open O containing K. We 
have that 

|A (po(w)) \ <C\ max \w r -i(x)\ + C2 max |uv+i(x)| , 

x£dKi x£dKi 

for every regular compact K% satisfying K C K\ C K\ C O. 

Second part. Let us now prove that for each linear functional A S 
(P r (K)) there exists a form u G H r ^(E \ K) that represents A accord- 
ing to formula (|14j). 

Let A € (P r (K)Y . Since P r (K) is continuously imbedded in 

(Whr-i(K) + Wh r+1 {K))/M 
and the latter space is locally convex, there exists 

A' G ((Wh r ^(K) + Wh r+1 {K))/M)* 
that extends A and then, 

A" G {{Whr-xiK) + Wh T+1 {K))Y 
defined by the equality 

A"(po(w))=A'(po(w)) 

extends A to 

(Whr-i(K) + Wh r+1 (K)) . 

By definition 

A"(po(dh l + 5h 2 )) = 
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for all forms hi,h>2, where /iiis an (r — 2)-form and h,2 an (r + 2)-form, 
both defined in O and satisfying 5dh\ = 0, dbli2 = in O. When r = 1 or 
r = n — 1, we take /ii = or /12 = 0, respectively. 

Let w is represented by formulas ©-©• Thus, in view of the equality 

7 r _id[/*( aXlA *™''- 1 ) + su 9KlAWr+1 = 0, 

we have 

c n A (^H) = -A" o po ^ 6U dK^ Wr - 1+ (15) 
+ 7r+1 dC/*^ lA *^ +1 ) + lr+1 5U* {dKlAWr+i) + dU 9KlAWr - 
Since 

A" € ((W/t r _i(iO + W/i r+ i(K)))* , 

then there exist 

A r _! G (Wh r ^(K))* , A r+1 £ (W^ r+1 (K))* 

such that 

A"(po(w r -i + w r+ i)) = A r _i(/9o(iw r _i)) + A r+ i(p (w; r+ i)). (16) 
Obviously, 

A r _i(p (d/ii)) = 0, A r+ i( Po (^ 2 )) (17) 

if /iiis an (r — 2)-form and /i 2 an (r+2)-form, both defined in O and satisfying 
Sdhx = 0, d<5/i 2 = in O. 

From (|15j) - H16[) we have that 

c n A (^R) = -A r _i o pa ( SU 9K ^r-i + lr+ld U< dK ^* w ^) 

-K+x ° Po (yr+iSU< aKlAWr +^ + dU 9KlAWr -^ . 

Using transformations similar to those done in the proof of Theorem [21 wc 
obtain that 

c n A (jo~H) = (-l) n+1 * J (u/\(Na *w r+1 + (-l) r+1 * (N A u; r _i))) dS, 

(18) 

where 

u(y) = d y ( A r _i o po~ 1 „„_ 2 ) + 5y ( Ar+i po- 1 ,, n _ 2 

V If _ 2/II / V If - y\\ 

(here A r _i o p and A r+ i o p G act on form depending on x). 
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Thus, (fTi]) follows from (fl8|) . Let us prove that in fact u £ H r fl(E \ K). 
As in the proof of Theorem |21 we have that 

A y ( A r _i o p - L_ ] = 0, Ay ( A r+1 o po - ) = 

V lF-2/ll / V If -y\\ J 

for y £ E \ K . Thus, for y € E \ -fT 

(fii(x) = d<5 ( A r+ i o po - 1 2 ) = Sd [A r+ i o po - 1 2 



x — y|j / V \\x — y 



and 



<5u(x) = 6d \K-i o Po- 1 ,, n _ 2 ) = d5 ( A r _i o Po - 1 2 ) . 

V \\x — y\\ J V If- 2/11 / 

Consequently, it just remains to prove that, for y £ E \ K 

5 ( A r _i o po - L— - ^ J =0, d ( A r _i o po - 3__ ) = o. (19) 

V If- y\\ J \ \\x-y\\ j 

Let us prove the first equality, the second one being similar. Let £ be an 
(r — 2)-covector then, from (|17j) we have 

5 ( A r _i o Po - ) , A = ±* ( *A r _i op Ad y - 1 2 A 

v If- y|| / / v If -2/11 



± * ( *A r _i o P q Ad. 



2/ \ II M ra-2 

V|F - 2/11 

= ±A r _i o Po (d x - _ 2 ) = 

v If -2/11 / 

for y £ E \ K Therefore, the first equality (|19j) is proved. From the 
definition of u and the continuity of A r _i and A r+ i we have that u(y) — > 
as y — > oo. 

Now it just remains to verify that ii is unique. Let ^, be an r-covectorial 
Borelian charge with support in E \ K. Then, if we define u^-i = 
w r+i = dU 1 * we have w 11 = w^_^ + wp r+ \ G P r (-E\supp p). Consequently, 
substituting in (|14|) we obtain 

A(po(w»))=- — / *(dU^ A*(N Au))dS 



\n+l 



(—IV 

+^ — i / * (5U" A (N A *u)) dS. 

c n JdK x 

Proceeding as in the proof of equality 1)11(1 we may proof that 

A = (-l) n+r+1 p [* ^C/ 9/<lA " + 7r dU< dKlMu A] = (-l) n+r+1 p [*u] . 

Therefore, from 2.C if A = then u = 0. The proof of the theorem is 
complete. ■ 
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6.1 A representation formula for harmonic forms 
vanishing at the infinity 

As an example of application of the previous results we obtain the represen- 
tation formula: 

Corollary 5 J/uG H r ^(E \ K) then there exist u\ € Wh r ^\(E \ K) and 
U2 £ Wh T+ \(E \ K) vanishing at infinity such that 5u\ = 0, du2 = and 

u = du\ + 5u2- (20) 

Proof. For every u € H r ^{E \ K) there exists a functional A € (P r (K)) 
according to (|14|) . The second part of the proof of Theorem 0] ensures the 
existence of a unique form in H r ^(E \ K) corresponding to A, which in 
addition admits a representation like (|2U[), Then, both forms must coincide. 
This proves the assertion. ■ 

7 The vectorial case 

For n = 3, r = 1, H\{0) may be identified with h{0) by means of the 
correspondence u\e x + U2e 2 + u^e 3 < — > (ui, 112,113). Also, P\{0) may be 
identified with the space p(0) of holomorphic vector fields by through the 
correspondence wq + W2 < — > (/, v), where f = wq and v = (vi, V2, V3) such 
that *W2 = vie 1 + t^e 2 + v$e 3 . According to these correspondences the 
subspace A/"nPi(C) may be identified with the subspace of p(0) defined by 

AT := {(0, grad h) : Ah = in O} . 

Now it is clear that 

P lfi (E \K)^p (E\K) = p (E \ K)/N'. 

Similarly, p{K) may be identified with P\(K). 

Thus, considering the appropriate topologies we obtain: 

Theorem 6 Let K be a compact set in M 3 . Then 

1) A € (h(K))* if and only if there exists (f,v) € Po(E \ K) such that 

A ( Po (u)) = ~ [ (v,N xu)dS + ^- [ (N, fu) dS 

47r JdK x ^ JdKi 

for every open neiborhood O of K , any vector field u G h(0) and any regular 
compact K\ satisfying K C K\ C K 1 C O. Moreover, for every A G 
(H r {K))* all the pairs (f,v) with this property belongs to the same class in 
Po(E^K). 
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2) A € (p(K))* if and only if there exists u G ho(E \ i"T) sitc/i i/iai 

A(po (/,«)) = / (v,Nxu)dS + ^[ (N,fu)dS 

/or every open neiborhood O of K, any pair (/, € p(O) and any regular 
compact K\ satisfying K C K\ C K\ C C Moreover, for a given A S 
(p(-fT))* there exists a unique u € ho(E \ i^) wii/i £/iis property. 

Finally, Corollary [5] may be reformulated as follows. 

Corollary 7 If u € ho(E \ K) then there exists a scalar function f and 
a vector field v, vanishing both at infinity, such that Af = 0, Av = 0, 
divv = and 

u = grad / + rot v in E \ K. 
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